2.3 Series, summations, and progressions

Progressions and summations

Sy=a+(a+d)+(a+2d)+---

n number of terms

—1d 2.102 S, sum of n successive
Arithmetic —; [at(n=1)d] ( ) terms
progressjon = E [2a + (n — l)d] (2103) a first term
n d  common difference
= §(a+ ) (2.104) | 1 last term
S,=a+ar+ar’+-+ar"! (2.105)
. 1 _ rn
Geometr.lc = 1 (2'106) r common ratio
progression —r
a
S‘”‘ZE (Jrj<1) (2.107)
ﬁléggmetlc (x)a= %(xl +x24 4 x,) (2.108) | ()a arithmetic mean
gzg;ﬂetnc <X>g =(Xx1X2X3 -~-Xn)1/n (2.109) (.)g geometric mean
H , 11 1\ .
armonic mean (x)y=n{ —+—+--+— (2.110) ()n harmonic mean
X1 X2 Xn
izlg“fl:z DN (x)a= ()= (X if x>0 foralli (2111)
n n
Zizi(n—i—l) (2.112)
Zl (n+1 (2n+1) (2.113)
n n?
Zﬁ 1 —(n+1)? (2.114)
i=1
?g‘rr:‘nfgslon 2 = %(VH— DRn+1)3r2+3n—1) (2115) | i dummy integer
i—
o0
(—l)l'H 1 1 1
=l—=4+-—-+...=In2 (2.116
i; i 2t37% n2 (2116
© )
(_1)1+1 B
=1l—=4+-—= =— 2.117
; 2i—1 + + 4 ( )
o0
1 1 1 1 72
—=14+-+-4+— =— 2.118
;iz LR R TR (2.118)
Euler’s 1 1 1
constant? y= r}l{rolc (1 +— 5 + = 3 44— —lnn) (2.119) | y  Euler’s constant
4y ~0.577215664...
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Power series

Binomial (14x)" =1+nx+ nn—1) , nr—1)n—-2) 34 (2.120)
series” 2! 3!
Binomial e (Mo nt
coefficient” &= <r) ~rl(n—r)! 2120
Binomial n_ (1
theorem (a+b)'= =0 (k)a ’ =12
Taylor serjies fla+x)=f(a)+xfV(a)+ f D(a)+-+ f(” D(a)+ (2.123)
(about a)* ( !
(T;)Ig())r series f(a+x)=f(a)+(x-V)f|a+( ) flat b V) flat (2.124)
Maclauri x? -

aclaurin £(x)=f0)+xfD(0)+ = fD(0) +---+ £=D(0) - -- (2.125)
series 2! (n—1)!

“If n is a positive integer the series terminates and is valid for all x. Otherwise the (infinite) series is convergent for

|x| <1.
bThe coefficient of x" in the binomial series.

exf"(a) is x times the nth derivative of the function f(x) with respect to x evaluated at a, taken as well behaved
around a. (x-V)"f]|, is its extension to three dimensions.

Limits
n‘x"—>0 as n—ooo if |x|<1 (for any fixed ¢) (2.126)
x"/n!—0 as n—oo (for any fixed x) (2.127)
(I+x/n)'—>e* as n—oow (2.128)
xlnx—>0 as x—0 (2.129)
%—A as x—0 (2.130)
(1
If f(a)=g(a)=0 or co then limM = w ("'Hopital’s rule)  (2.131)
x—ag(x)  gW(a)
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Series expansions

exp(x) I+x+ 2+3?+ (2.132) (for all x)
In(1+x) x—%2+i33—%4+--~ (2.133) (-l<x<1)
1n<t§> 2(}(—1—);3—1—)655—1—);74—'“) (2.134)  (xi<1)
cos(x) 1_§+§_§!+'" (2.135)  (for all x)
sin(x) x— )36:' + ’SC:' — ;i’ NI (2.136)  (for all x)
tan(x) X+ f: 4 2%5 T 13%7 - (2.137)  (xI<m/2)
sec(x) 1+ "22 4 5214 4 % Ty (2.138)  (xI<m/2)
ese(x) Lox 7e 3o (2.139)  (xl<n)
x 6360 15120
cot(x) %_g_%_%_... (2.140)  (xl<n)
arcsin(x)? x—i—%x;—i— 13 X; +%Zx77 (2.141)  (xI<1)
x_§+i;_x77+... (xI<1)
arctan(x)" n 1. 1 _ 1 (2.142) (>1)
2 x  3x3 55
cosh(x) 1+ )2“2, 4 ZT + 26' T (2.143)  (for all x)
sinh(x) X+ ’; s o+ ;‘7, +-- (2.144)  (for all x)
tanh(x) x—x;-f—zl—)f;—%-i—m (2.145)  (xI<n/2)

“arccos(x) =n/2 —arcsin(x). Note that arcsin(x)= sin™! (x) etc.
barccot(x)=n/2—arctan(x).
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Inequalities

. lai]| —laz| < |ay +ax| < lai| +azl ; (2.146)
Triangle )
inequality ) SZ"M (2.147)
i=1
if aqj>ay>a3>...>a, (2.148)
Chebyshev and by =by=b3>...>b, (2.149)
inequality n n n
then nZaibiz (Zai> (Zbl) (2.150)
i i i=1
Cauchy 5
inequality <Z“ bi ) s Za Zb (2.151)
Schwarz ,
inequality [/ f(x)g(x dx} / [f(x dx/ [g(x)]”dx (2.152)
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